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Application of the plane theory of elasticity to planar crack or angular corner geometries leads to the concept of stress
singularity and stress intensity factor, which are the cornerstone of contemporary fracture mechanics. However, the stress
state near an actual crack tip or corner vertex is always three-dimensional, and the meaning of the results obtained within
the plane theory of elasticity and their relation to the actual 3D problems is still not fully understood. In particular, it is not
clear whether the same stress ﬁeld as found from the well-known 2D solutions of the theory of elasticity do describe the
corresponding stress components in a plate made of a suﬃciently brittle material and subjected to in-plane loading, and
what eﬀect the plate thickness has. In the present study we adopt, so called, ﬁrst order plate theory to attempt to answer
these questions. New features of the elastic solutions obtained within this theory are discussed and compared with 2D ana-
lytical results and experimental studies as well as with 3D numerical simulations.
 2007 Elsevier Ltd. All rights reserved.
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Most analytical and numerical investigations in fracture mechanics in the past 50 years were focused on
two-dimensional or axisymmetric geometries, though three-dimensional eﬀects were often acknowledged. Sim-
plicity is the main reason for popularity of the 2D elastic theories to fracture mechanics problems. However,
the stress state near an actual crack tip is always three-dimensional, and the meaning of the results obtained
within the 2D theories and their relation to the actual 3D stress distribution is still not fully understood. In his
conceptual paper on the past and future development of fracture mechanics, Edrogan (2000) has identiﬁed
three-dimensional crack problems as the area where further intensive research is needed.
An initial study of near-tip ﬁelds accounting for the eﬀects of plate thickness was carried out by Hartranft
and Sih (1970). They proposed an approximate three-dimensional theory and explored the inﬂuence of plate
thickness on the stress intensity factor. Kwon and Sun (2000) provided a comprehensive literature review on0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.011
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interest for the purpose of the current study. In particular, many authors reported that plane strain conditions
prevail near the crack tip subjected to normal loading and some elevation of the stress intensity for 3D over
2D results is observed. It was found that the 2D plane strain near tip solution is a good approximation of the
3D ﬁeld for only very thick plates. A number of authors have suggested that the three-dimensional stress
region in a cracked plate is located within half of the plate thickness from the crack tip (Kwon and Sun,
2000; Nakamura and Parks, 1989a; Rosakis and Ravi-Chandar, 1986).
Another interesting three-dimensional eﬀect associated with in-plane shear loading of a through crack in a
plate of ﬁnite thickness is the generation of the out-of-plane singular mode for materials with non-zero Pois-
son’s ratio (we will call it O-mode). Usually this kind of singularity is ignored in fracture analysis of structural
components. However, a careful three-dimensional ﬁnite element analysis showed that a signiﬁcant out-of-
plane singular mode, similar to mode III (tearing mode) but symmetric with respect to the mid-plane of
the plate, exists at the crack tip (Nakamura and Parks, 1989b).
After the mid-70s, many authors employed the ﬁnite element method to analyse three-dimensional eﬀects
near sharp corners and cracks. It has been pointed out and numerically shown that if singularities due to sharp
corners are not properly considered in numerical solutions, signiﬁcant errors will occur in the calculation of
the global behaviour of plates (Leissa, 2001). As a result, numerical studies often generate great controversy
due to the diﬀerent approaches adopted by diﬀerent researchers to accommodate the singular behaviour.
Recently, new ﬁnite element and boundary ﬁnite-element procedures have been developed. These procedures
are able to determine for special geometries, such as a cylindrical or spherical sector, the local singular behav-
iour with a very high accuracy (Song and Wolf, 2002; Mittelstedt and Becker, 2006).
In the present paper we adopt, so called, ﬁrst order plate theory to investigate the stress singularities asso-
ciated with angular corners and eﬀect of the plate thickness on the values of the stress intensity factors for
through-the-thickness cracks subjected to normal and shear loading on inﬁnity. The ﬁrst order plate theory,
which is also known as the Kane and Mindlin theory or generalized plane strain theory, was ﬁrst introduced
by Kane and Mindlin in 1956 in their work on high frequency extensional vibrations of plates (Kane and
Mindlin, 1956) where plane stress and plane strain models, respectively, under and over predict the natural
frequencies observed in experimental studies. The governing equations derived in this work by Kane and
Mindlin include the out-of-plane stress components and retain the simplicity of a two-dimensional model.
Based on the same kinematic assumption, Kotousov and Wang (2003) generalized the ﬁrst order theory for
transversally isotropic plates. Xu and Wang (2005) further extended this theory for transversally isotropic pie-
zoelectric plates.
Chang et al. (2001), Kotousov and Wang (2002b), Xu and Wang (2005) and other researchers have devel-
oped a number of useful analytical solutions for simple geometries such as notches or circular inclusions in an
inﬁnite plate of ﬁnite thickness. It was shown that these three-dimensional solutions normally agree very well
with careful three-dimensional FE studies in terms of the averaged through-the-thickness parameters (Chang
et al., 2001; Ball, 2003; Berto et al., 2004; Kacˇianauskas et al., 2005). Some applications of the ﬁrst order plate
theory to problems with singularities including problems with cracks can be found in papers by Yang and Fre-
und (1985), Jin and Hwang (1989), Jin and Noda (1994), Jin and Batra (1997), Kotousov (2004), Huang
(2004), Kotousov and Lew (2006) and others. However, only a qualitative analysis has been carried out
and no comparison of the analytical results for problems with singularities obtained within the ﬁrst order plate
theory with experimental or numerical results has been provided.
It is also recognized that more sophisticated and more accurate plate theories such as the high order theory
by Mindlin and Medick (1959) or the asymptotic theory by Goldenveizer et al. (1993) might provide a much
better insight into the problems under consideration. However, due to signiﬁcant mathematical obstacles asso-
ciated with the use of these theories, analysis of practical fracture mechanics problems with these theories is
extremely diﬃcult.
2. Governing equations
For completeness of this paper, the governing equations of the ﬁrst order plate theory will be summarized
next. Consider an elastic plate bounded by planes z = ±h while the outer boundary represents a right cylin-
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(Kane and Mindlin, 1956)ux ¼ uxðx; yÞ; uy ¼ uyðx; yÞ; uz ¼ zhwðx; yÞ: ð1ÞThe stress resultants are deﬁned byfNxx;Nyy ;Nzz;Nxyg ¼
Z h
h
frxx; ryy ; rzz; rxygdz; ð2aÞandfRx;Ryg ¼
Z h
h
frzx; rzygzdz: ð2bÞThe in-plane stress resultants Nab and the transverse shear stress resultants Ra are related to the deforma-
tion ﬁeld Eq. (1) through the linear stress–strain law, so thatN ab
2h
¼ kxdab þ lðua;b þ ub;aÞ; ð3aÞ
Nzz
2h
¼ kxþ 2lw
h
; ð3bÞ
Ra
2h
¼ h
3
lw;a; ð3cÞwhere x = uaa + w/h is the volume deformation, k and l are the elastic constants, k ¼ Emð12mÞð1þmÞ, l ¼ E2ð1þmÞ, E
and m are Young’s modulus and Poisson’s ratio, respectively, a and b indices have the range x, y.
In the absence of body forces and inertial eﬀects, the governing equations of the ﬁrst order plate theory are
(Yang and Freund, 1985)N ab;b ¼ 0; ð4aÞ
Ra;a ¼ Nzz: ð4bÞBy means of the stress resultant function, U, such thatN ab ¼ r2Udab  U;ab;
the governing Eq. (4) can be rewritten in the following form:r2w 6ð1þ mÞ
h2
w ¼ 3mð1þ mÞ
h2E
r2U; ð5aÞwhich represents the equilibrium equation in the out-of-plane direction (z-direction) andr4U ¼ 2mE
1 m2r
2w; ð5bÞwhich is the usual strain compatibility equation. Here $2 is the two-dimensional Laplace operator.
This system can be decoupled and transformed into a single equation with respect to either U or w asr4w j2r2w ¼ 0; ð6aÞ
r6U j2r4U ¼ 0; ð6bÞwhere j2 ¼ 1
h2
6
1m will be exploited in the following analysis.
Furthermore, using a harmonic displacement function W ($2W = 0) (Kotousov and Lew, 2006), the in-
plane displacements, ua, and function of the out-of-plane deformation, w, in polar coordinates can be written
as
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1þ m ur ¼ 
oU
or
þ 1
1þ m r
oW
o/
; ð6aÞ
2Eh
1þ m u/ ¼ 
1
r
oU
o/
þ 1
1þ m r
2 oW
or
; ð6bÞ
2mEw ¼ ð1 m2Þr2U o
or
r
oW
o/
 
; ð6cÞrespectively.
The harmonic displacement function, W, can be determined in terms of the stress-resultant function U aso
or
r
oW
o/
 
¼ r2U 1
j2
r4U: ð6dÞ3. Stress singularities at an angular sector
Consider a plane angular sector (wedge) with the vertex angle 2h and thickness 2h as shown in Fig. 1.
Following the classical eigenfunction expansion approach developed by Williams (1952) for plane problems
of the theory of elasticity, let us consider solutions for w, U and W in the formwðr;/Þ ¼
X1
k¼0
wsþ2kðr;/Þ; ð7aÞ
Uðr;/Þ ¼
X1
k¼0
Usþ2kðr;/Þ; ð7bÞ
Wðr;/Þ ¼
X1
k¼0
Wsþ2kðr;/Þ; ð7cÞwherewgðr;/Þ ¼ Ak vrg2  Ig2 jrð Þ
 
cos g 2ð Þ/þ BkIg jrð Þ cos g/þ Ak vrg2  Ig2 jrð Þ
 
sin g 2ð Þ/
þ BkIg jrð Þ sin g/; ð8aÞO
z
r
θ
θ 
2h
φ
x
Fig. 1. Angular corner geometry and coordinate system.
A. Kotousov / International Journal of Solids and Structures 44 (2007) 8259–8273 8263Ugðr;/Þ ¼ Ak 2mE
1 m2ð Þj2 vr
g2  Ig2 jrð Þ
 
cos g 2ð Þ/ Ak vE
2m g 1ð Þ r
g cos g 2ð Þ/þ Ak
 2mE
1 m2ð Þj2 vr
g2  Ig2 jrð Þ
 
sin g 2ð Þ/ Ak vE
2m g 1ð Þ r
g sin g 2ð Þ/þ Bk
 2mE
1 m2ð Þj2 Ig jrð Þ cos g/þ
Bk
2mE
1 m2ð Þj2 Ig jrð Þ sin g/þ Ckr
g cos g/þ Ckrg sin g/; ð8bÞandWgðr;/Þ ¼ Ak 2vEm g 1ð Þ g 2ð Þ r
g2 cos g 2ð Þ/ Ak 2vEm g 1ð Þ g 2ð Þ r
g2 sin g 2ð Þ/ ð8cÞwhere Ak, Ak, Bk, Bk, Ck and Ck are constants to be found from boundary conditions, v ¼ 1C g1ð Þ ðj=2Þg2, C(Æ) is
the Gamma function, Ig(Æ) is the modiﬁed Bessel function of the ﬁrst kind and g is a dummy variable.
Each term in these expansions, wg, Ug and Wg, represents a linearly independent solution of the governing
equations (5) having the same asymptotic behaviour at r! 0. To investigate the structure and orders of
the singularities at the angular corner, one needs the asymptotic form of the stress resultants. The singular
behaviour of the stress resultants is determined from Eq. (8) corresponding to the lowest order of r, therefore,
the solution for k > 0 in Eq. (7) is not considered.
The characteristic equation can be obtained by substituting the stress resultants and displacements into the
boundary conditions along the two radial edges of the wedge. Two types of homogeneous boundary condi-
tions along a radial edge are considered here to elucidate the stress singularities:Free ðFÞ : N// ¼ Nr/ ¼ R/ ¼ 0; and ð9Þ
Clamped ðCÞ : u/ ¼ ur ¼ w ¼ 0: ð10ÞSubstituting Eqs. (7) and (8) with k = 0 into the prescribed boundary conditions yields six linear homogeneous
algebraic equations in A0, A0, B0, B0, C0 and C0. The vanishing determinant of the 6 · 6 coeﬃcient matrix from
six equations yields the following characteristic equations for gm.sin 2 gm  1ð Þh gm  1ð Þ sin 2hf g sin gmh cos gmh ¼ 0 ð11aÞ
for free–free radial edges,sin 2 gm  1ð Þh
gm  1
3 4m sin 2h
 
sin gmh cos gmh ¼ 0 ð11bÞfor clamped–clamped radial edges, andsin2 2 gm  1ð Þh
4 1 mð Þ2
3 4m þ
gm  1ð Þ2
3 4m sin 2h
( )
cos 2gmh ¼ 0 ð11cÞfor clamped-free case.
We note that the ﬁrst characteristic Eq. (11a) was also obtained in the work of Huang (2004) by using a
diﬀerent approach, which is based on the eigenfunction expansion method employed to the equilibrium equa-
tions in terms of displacement components. In this study the roots of singmh, cosgmh and cos2gmh were dis-
carded from the subsequent analysis arguing that they do not produce any stress singularities at the vertex of
the wedge. Thus, it was concluded that there is no shear stress resultant singularities for the problem under
consideration (Huang, 2004). However, such a conclusion is in contrast with the intuitively-expected deforma-
tions in the vicinity of the vertex as well as in contradiction with results of the previous work (Nakamura and
Parks, 1989b; Jin and Batra, 1997) as well as the recent paper (Kotousov and Lew, 2006).
Expressions in {Æ} brackets in Eqs. (11) are exactly the same as given by Williams (1952) for the correspond-
ing plane strain problem of the wedge. It was shown in Williams (1952) and many other papers that a value of
gm being a root of the characteristic equation such that 1 < Re(gm) < 2 produces admissible and unbounded in-
plane stress resultant behaviour at the vertex of the wedge. Nevertheless, such roots do not produce any sin-
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were investigated exhaustively in many papers and will not be further discussed here.
It was shown in the previous paper (Kotousov and Lew, 2006) that the roots of cosgmh = 0 and
cos2gmh = 0 (gm = p/2h and gm = p/4h) with values between 0 and 1 can also lead to an admissible singular
solution for the out-of-plane shear stress resultants. The unbounded and physically admissible behaviour of Rr
and R/ at the vertex of the wedge is possible when the wedge vertex angle 2h > 180 for free–free and clamped–
clamped boundary conditions. For clamped-free boundary conditions the singular behaviour for Rr and R/ is
possible when 2h > 90. In the constructed singular solution in Kotousov and Lew (2006), the out-of-plane
shear stress resultants (Rr and R/) are proportional to rgm1 and no singularities occur for the other stress
resultants, which are proportional to rgm . Fig. 2 shows the strongest singularity varies with the vertex angle
2h for three combinations of boundary conditions for two diﬀerent modes: in-plane and out-of-plane. The
results were computed for m = 0.3. It is interesting to note that in the case of clamped-free boundary conditions
at 2h > 250 the out-of-plane singular mode (O-mode) yields the strongest singularity for the problem.
In a broad sense, the obtained results mean that two types of singular modes can exist in the vicinity of a
vertex of a wedge loaded by in-plane loads: the in-plane mode (mode I and II) producing singular behaviour of
the in-plane stress resultants and the out-of-plane mode (O-mode) producing singular behaviour of the out-of-
plane shear stress resultants. Each of these modes, obviously, is characterised by its own generalized stress
intensity factor(s) and each of these modes can lead to a diﬀerent mode of fracture or assist the fracture by
the leading mode.
For the crack-like geometry (2h = 360) the minimum root of the characteristic equation corresponding to
the O-mode for free–free boundary conditions gm equals to 1/2, see Fig. 2. This results into Rr and R/ to be
proportional r1/2, when the crack is subjected to shear loading on inﬁnity (sliding mode, see Fig. 3a). This
type of singular behaviour for cracks is well known in fracture mechanics and has been studied in a number
of papers (Nakamura and Parks, 1989b; Jin and Batra, 1997) and will be further investigated in the present
paper using the approach developed by Yang and Freund (1985). Another problem (see Fig. 3b) leading to0
0.5
0 90 180 270
In-plane singularities:
Out-of-plane singularities:
F-F
C-F
C-C
2θ
λ
1N ~ r λ−
1R ~ r λ−
Fig. 2. The strongest in-plane and out-of-plane singularities for three combinations of boundary conditions; C and F denote clamped and
free boundary conditions, respectively.
τ  σ
Fig. 3. Exaggerated deformations along crack leading to O-mode similar to mode III (tearing mode) for (a) crack loaded in shear and (b)
crack at the interface of a plate and a rigid substrate.
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interface of a plate of ﬁnite thickness and a rigid substrate (see Fig. 2, 2h = 180 and clamped-free boundary
conditions). This is also consistent with the results obtained in Jin and Batra (1997) for the same geometry and
boundary conditions. Thus, the new obtained solution for the out-of-plane singular mode at the vertex of an
angular sector represents a generalization of similar singular modes discovered and investigated earlier for
crack-like geometries.
Due to the averaging nature of the governing equations of the ﬁrst order plate theory, the obtained char-
acteristic Eqs. (11) do not describe other singularities associated with 3D geometry such as the singularities at
the corner points near the intersection of the crack front and free surface (Benthem, 1977). From numerical
investigation of Nakamura and Parks (1989b) it appears that the corner singularity ﬁeld dominates in a very
small region up to the radial distance of 3% of the thickness from the corner. Meanwhile the out-of-plane
mode spreads up to a radial distance of approximately half the plate thickness from the crack front.4. Crack under normal loading
In this section we investigate the three-dimensional eﬀects near the crack tip of a through crack in a plate of
ﬁnite thickness loaded in mode I. We apply the earlier developed solution for an edge dislocation in an inﬁnite
plate (Kotousov and Wang, 2002a) and the distributed dislocation technique (Hills et al., 1996) to solve the
problem of a straight plane crack of length 2a in an inﬁnite plate of thickness 2h. The plate is loaded by a
remote tensile stress, r0, acting perpendicular to the crack faces. From the superposition principle this problem
can be reduced to that corresponding to the following boundary conditions over the crack a 6 x 6 + a at
y = 0, asNyyðxÞ ¼ 2hr0; ð12aÞ
R/ ¼ 0: ð12bÞDenoting B(t) as the density of the dislocations at point t. The following singular integral equation with Cau-
chy type kernel can be obtainedZ a
a
ByðtÞKyy x tð Þdt ¼ r0; ð13Þwhere the kernel is given by Eq. (A2) by setting / = p/2KyyðnÞ ¼  E
4p 1 m2ð Þ
1
n
4m2
jnð Þ2  ð1 m
2Þ  2m2K0 jnj jð Þ  4m2 K1 jnj jð Þjnj j  2m
2 jnj jK1 jnj jð Þ
( )
ð14Þwhere K0(Æ) and K1(Æ) are the modiﬁed Bessel functions of the second kind.
It is worth noting that the second boundary condition, Eq. (12b), is satisﬁed automatically because at /
= p/2 the shear stress resultant R/ given by Eq. (A6) from Appendix A is equal to zero. In addition, the dis-
location density function By also satisﬁes the following single-valuedness condition,Z a
a
ByðtÞdt ¼ 0: ð15ÞBy introducing a new function by(l), l = x/a asByðlÞ ¼ byðlÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
p ; ð16Þand by observing that the left-hand side of Eq. (13) gives Nyy (x,0) for jxj > a, through an asymptotic analysis,
the average stress intensity factor KI then can be found asKI ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞ
p NyyðxÞ
2h
¼ E
ﬃﬃﬃﬃﬃ
pa
p
4ð1 m2Þ byð1Þ: ð17Þ
8266 A. Kotousov / International Journal of Solids and Structures 44 (2007) 8259–8273In the last equation the plane-strain condition prevailing in the close vicinity of crack tips has already been
taken into account, because the out-of-plane displacement is bounded jw(±a)j < C (C is a constant) whereas
the in-plane stresses are singular (Yang and Freund, 1985).
Solution of the singular Eq. (13) can be obtained using the Gauss–Chebyshev quadrature method leading to
the following systemFig. 4.
elastica
M
XM
j¼1
by lj
 
Kyy tk  lj
 þ r0 ¼ 0; ð18Þ
p
M
XM
j¼1
by lj
  ¼ 0; ð19Þwhere the discrete integration points are given bylj ¼ cos p 2j 1
2M
 
; j ¼ 1 . . . M ð20aÞ
tk ¼ cos p kM
 
; k ¼ 1; 2; . . . ; M 1: ð20bÞEqs. (18)–(20) provide a system of M algebraic equations to the M unknowns, by(lj). The magnitude of the
stress intensity factor at the two crack tips is given byKI ¼ E
ﬃﬃﬃﬃﬃ
pa
p
4ð1 m2Þ by 1ð Þ: ð21ÞResults of calculations are shown in Fig. 4 in terms of the ratio of the stress intensity factor KI obtained
using Eq. (21) to its value obtained in the frames of the 2D theory of elasticity. The results suggest that
although the stress-state at the vicinity of a crack tip is always plane-strain, the magnitude of the stress-inten-
sity factor depends on the ratio of crack size to plate thickness. In particular, in the limit of short crack or very
thick plate, i.e. h/a!1, the stress intensity factor limits to its classical value, suggesting the validity of the
classical plane solution of the theory of elasticity, i.e.,KI a=h! 0ð Þ ¼ r0
ﬃﬃﬃﬃﬃ
pa
p ð22Þ
This conﬁrms the observation made by many authors who investigated this problem using numerical tech-
niques that the 2D near tip solution is a good approximation of the 3D ﬁeld for only very thick plates and1
1.1
0.01 0.1 1 10 h/a
ν = 0.1
ν = 0.3
ν = 0.5
0
IK
aσ π
2a
2h
σo
σo
Ratio of the stress intensity factor KI obtained within the ﬁrst order plate theory to its value obtained from the 2D theory of
ity.
A. Kotousov / International Journal of Solids and Structures 44 (2007) 8259–8273 8267there is some elevation of the stress intensity for 3D over 2D results in the case when the crack length is com-
parable with the plate thickness.
In the case of long cracks (h/a! 0) the stress intensity factor obtained within the ﬁrst order plate theory is
related to the classical plane solution by (1  m2)1/2. This result may be veriﬁed by direct application of Rice’s
path-independent J-integral to the plate geometry (Yang and Freund, 1985). From Fig. 4 is also seen that the
transition from plane strain to plane stress conditions occurs within the region 0.1 < a/h < 10.
It has to be mentioned that the results presented in Fig. 4, coincide with those found in Kotousov and
Wang (2002a), and are consistent with Jin and Hwang (1989) only qualitatively. The latter results over predict
the values of the stress intensity factor obtained in the current paper and for relatively thin plate are well above
the values obtained by Yang and Freund (1985) for a semi-inﬁnite crack.
Table 1 demonstrates the eﬃciency and convergence of the adopted numerical procedure, which is based
Gauss–Chebyshev quadrature method. It is seen that already 60 integration points gives a very good accuracy.
This is consistent with ﬁndings made in Hills et al. (1996) for plane problems with cracks as well as in many
other studies employed the distribution dislocation technique.5. Crack under shear loading
Now, let us consider a through crack of length 2a subjected to in-plane shear loading (sliding mode). In this
case the out-of-plane singular mode will be generated for materials with non-zero Poisson’s ratio. Usually this
eﬀect is neglected in engineering fracture analysis. However, a three-dimensional ﬁnite element analysis of a
crack subjected to in-plane shearing showed that a signiﬁcant out-of-plane singular mode similar to mode
III deformation, but symmetric with respect to the mid-plane of the plate, does exist for relatively thin plates
(Nakamura and Parks, 1989b). The aim of this section is to investigate this mode using the ﬁrst order plate
theory. From the previously obtained results the out-of-plane singular mode has to be described by the con-
ventional inverse square root singularity as well as the in-plane mode II (see Fig. 2).
We introduce a coordinate system so that the crack faces are described by y = 0, jxj 6 a and jzj 6 h. In the
beginning a supplementary solution for the out-of-plane displacement jump across the line y = 0 will be
obtained. In this section we will follow the approach developed by Yang and Freund (1985). The boundary
conditions for the problem under consideration can be written in the following formTable
Conve
M
KINyy x;þ0ð Þ ¼ 0 1 < x <1; ð23aÞ
Eexx x;þ0ð Þ ¼ Nxx x;þ0ð Þ  mNzz x;þ0ð Þ ¼ 0 1 < x <1; ð24bÞ
w x;þ0ð Þ ¼ Bzh
2
1 < x 6 0; ð24cÞ
w x;þ0ð Þ ¼ 0 0 < x <1; ð24dÞwhere Bzh can be viewed as the intensity of the out-of-plane dislocation.
The Fourier transform of the ﬁeld variables is deﬁned by the integral~N ab s; yð Þ; ~w s; yð Þ
	 
 ¼ Z þ1
1
N ab x; yð Þ;w x; yð Þ
	 

eisxdx ð25Þwhere s is the transform variable. If the in-plane coordinates are rescaled according tox^; y^ð Þ ¼ j x; yð Þ; ð26Þ1
rgence results for a = h and m = 0.3
5 10 20 60 100 200 400
0.9961 1.0264 1.034 1.0362 1.0364 1.0365 1.0365
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ential equations in y^, and only solutions which decay exponentially as y^ becomes large are retained as phys-
ically admissible. The form of the transformed ﬁeld variables is found to be1~U s; y^ð Þ ¼ A eay^  eby^ ; ð27aÞ
~Nxx s; y^ð Þ ¼ A s2eay^  1þ s2
 
eby^
 
; ð27bÞ
~Nyy s; y^ð Þ ¼ s2A eby^  eay^
 
; ð27cÞ
~Nxy s; y^ð Þ ¼ isA aeay^  beby^
 
; ð27dÞ
~wðs; y^Þ ¼  1 m
2
2mE
Aeby^ ; ð27eÞ
~Nzz s; y^ð Þ ¼ Am e
by^ ð27fÞwherea ¼ lim
s!0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ s2
p
and b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ 1
p
; ð28Þand the branch cuts of a and b are chosen such thatRe a; bf gP 0 ð29Þ
everywhere in the complex s-plane.
From boundary conditions, Eqs. (24c) and (24d), the function A(s) is determined asA ¼  mEBzh
1 m2
i
s
þ pd sð Þ
 
; ð30Þand the stress resultants as~Nxy s; 0ð Þ
2h
¼  mEBz
2 1 m2ð Þ
i
s
þ pdðsÞ
 
is a bð Þ; ð31aÞ
~Ry s; 0ð Þ
2h
¼ h
2jEBz
12 1þ mð Þ b
i
s
þ pdðsÞ
 
: ð31bÞwhere d is the Dirac delta function.
With the Fourier transforms of the ﬁeld variables determined, the variables in the physical plane may be
determined by means of the Fourier inversion integralN ab x^; y^ð Þ;w x^; y^ð Þ
	 
 ¼ 1
2p
Z þ1
1
N^ ab s; y^ð Þ; w^ s; y^ð Þ
	 

eisx^ds: ð32ÞBy means of Cauchy’s theorem and Jordan’s lemma of contour integration theory, the path of integration may
be deformed to embrace a cut running along the imaginary axis in the complex s-plane. From Eq. (32) the non-
zero-stress resultants along y = 0 are found to beNxy x; 0ð Þ
2h
¼ mEBz
2p 1 m2ð Þ
K1 jxj jð Þ
jxj j 
1
jxð Þ2
( )
; ð33Þ
Ry x; 0ð Þ
2h
¼ h
2jEBz
12p 1þ mð Þ
Z 1
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2  1
p
n
enjxdn at xP 0; ð34aÞ
Ry x; 0ð Þ
2h
¼  h
2jEBz
12p 1þ mð Þ
Z 1
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2  1
p
n
enjxdnþ p
( )
at x < 0: ð34bÞThe integrands in Eqs. (34a) and (34b) are free of singularities and can be easily calculated using standard
numerical integration techniques.
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the concept of the distributed dislocation technique we introduce the densities of the in-plane Bx(n) and out-of-
plane Bz(n) dislocations. Then, the system of singular equations can be written in the formNxy x; 0ð Þ
2h
¼
Z a
a
BxðtÞKxx x tð Þdtþ
Z a
a
BzðtÞKzx x tð Þdn ¼ 0; ð35aÞ
Ry x; 0ð Þ
2h
¼
Z a
a
BxðtÞKxz x tð Þdtþ
Z a
a
BzðtÞKzz x tð Þdt ¼ 0; ð35bÞwhere the kernels of this system are given in Appendix A.
In addition, the dislocation density functions Bx and Bz also satisfy the following single-valuedness
conditions,Z a
a
BxðtÞ;BzðtÞf gdt ¼ 0: ð36ÞBy introducing new functions bx(l) and bz(s), l = x/a asBx;zðlÞ ¼ bx;zðlÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
p ð37Þfrom an asymptotic analysis of the stress distribution, the stress intensity factor for mode II is found to beKII ¼ E
ﬃﬃﬃﬃﬃ
pa
p
4 1 m2ð Þ bxð1Þ; ð38aÞand from the analysis of the out-of-plane displacements, the value of the stress intensity factor of the out-of-
plane mode KO at the plate surfaces (z = ±h) isKO ¼ E
ﬃﬃﬃﬃﬃ
pa
p
4 1þ mð Þ bzð1Þ: ð38bÞThe system of singular Eqs. (35) and (36) is solved similar to the case of the crack subjected to normal load-
ing considered earlier using the Gauss–Chebyshev quadrature method. Results of the calculations are shown
in Figs. 5a and b.
The increase of the stress intensity factor KII to its plane stress/strain value is insigniﬁcant, similar to the
previously considered case of a through crack in an inﬁnite plate loaded in mode I. Consequently, the varia-
tion of KII with the plate thickness can be neglected in engineering analysis of plate components. The most
interesting feature of the shear loading of a through-the-thickness crack is the coupling eﬀect of the shear
mode II, and out-of-plane singular mode which is presented in Fig. 5b in terms of the ratio of the generated
out-of-plane stress intensity factor, KO, to the stress intensity factor of the applied mode II, KII. The value of
KO can be rather signiﬁcant and reach almost half of the applied KII. It monotonically increases as Poisson’s
ratio and h/a ratio decrease.
In Table 2 a comparison of the results obtained in the present paper for the stress intensity factor at the tip
of a long crack in a thin plate (h/a! 0) with the average stress intensity factor calculated for the same problem
from 3D FE analysis (She and Guo, 2007) are presented. Based on empirical equations derived by She and
Guo the average values of the stress intensity factor were calculated and shown in Table 2. A very good cor-
relation between the present results which are based on the ﬁrst order plate theory and 3D numerical calcu-
lations can be observed.
It has to be noted at this point that the results obtained in the present paper are consistent with earlier
results obtained by Jin and Noda (1994) for relatively large values of the ratio of the plate thickness to the
crack length, up to h/a  0.5. However, the latter results predict a sharp increase in the ratio of KII=s0
ﬃﬃﬃﬃﬃ
pa
p
and sharp decrease in the ratio of KO/KII, which suddenly starts from h/a  0.1 and limits to zero when h/
a! 0. Such a behaviour was not reasonably explained in Jin and Noda (1994) and is in a contradiction with
the previously considered case of a crack loaded in mode I (which exhibits a saturation of the KI=r0
ﬃﬃﬃﬃﬃ
pa
p
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Fig. 5. (a) Ratio of the stress intensity factor KII obtained within the ﬁrst order plate theory to its value obtained from the 2D theory of
elasticity. (b) Ratio of the stress intensity factor of the out-of-plane mode to the applied stress intensity factor KII in the case of shear
loading of a through-the-thickness crack.
Table 2
Comparison of the present results with FE calculations (She and Guo, 2007)
m KI KII
Present results FE results Present results FE results
0.1 1.005 1.0051 1.0025 1.0038
0.3 1.0482 1.0505 1.0241 1.0216
0.5 1.1547 1.1555 1.0747 1.0713
8270 A. Kotousov / International Journal of Solids and Structures 44 (2007) 8259–8273at small thickness to crack length ratios) as well as with numerical results of Nakamura and Parks (1989b) and
the latest ﬁnite element results (She and Guo, 2007).
As it follows from the classical energy fracture criterion and 2D elastic solutions for cracks, the values of
the fracture toughness of mode II and I have to be equal to each other (KIC = KIIC) assuming constant speciﬁc
surface energy of fracture. However, it is often concluded from numerous experimental studies on mixed mode
fracture of plates that KIIC is normally less than KIC. In the literature there is no generally accepted opinion on
this discrepancy. Based on the current study, see Fig. 5b, the decrease in the fracture toughness of mode II can
be associated with the generation of the out-of-plane singular mode in the case when a through-the-thickness
crack is subjected to the shear loading on inﬁnity. The value of the stress intensity factor of the out-of-plane
singular mode, KO, is a function of the thickness of the plate to crack length ratio and the Poisson’s ratio. As
most of experimental studies have been carried out at h/a < 0.5 this factor is expected to have only a minor
A. Kotousov / International Journal of Solids and Structures 44 (2007) 8259–8273 8271inﬂuence on fracture toughness. The eﬀect of Poisson’s ratio on the decrease of the fracture toughness is pretty
signiﬁcant and can reach up to 25% for m = 0.5 and limits to zero when m approaches zero. Due to the plastic
eﬀects, which always occur at the crack tip, the value of the Poisson’s ratio should be close to 0.5 if one con-
siders the region very close to the crack tip. Then, the decrease of 25% in the fracture toughness of mode II in
comparison with mode I as predicted based on the ﬁrst order plate theory is consistent with many experimen-
tal observations (Broek, 1978).
6. Conclusion
Here we will summarise all major ﬁndings from the current study:
(1) There is a new mode of singularities, the out-of-plane mode (we call it O-mode), in angular sectors sub-
jected to in-plane loading, which cannot be derived from the classical 2D theory of elasticity. The character-
istic equation describing this mode is consistent with a number of previous analytical and numerical studies on
crack-like geometries.
(2) For a through-the-thickness crack in an inﬁnite plate, the plate thickness and Poisson’s ratio have a
minor inﬂuence on the value of the average through the thickness stress intensity factors for fracture mode
I and II. These eﬀects can be neglected for most practical applications. This conclusion agrees with previous
theoretical and numerical studies.
(3) The comparison of the ﬁrst order plate theory results for a long through-the-thickness crack in an inﬁ-
nite plate derived in this paper shows a very good agreement with 3D ﬁnite element calculations.
(4) The eﬀects of the plate thickness and Poisson’s ratio on the O-mode were investigated within the
ﬁrst order plate theory for a through-the-thickness crack in an inﬁnite plate. It was found that both fac-
tors are signiﬁcant and can be responsible for the decrease of the fracture toughness of mode II in com-
parison with mode I. However, it is recognized that more work needs to be done to fully understand the
eﬀect of these singular modes on fracture in an arbitrary angular sector as well as to conduct careful
numerical and experimental studies to conﬁrm or correct the present results and conclusions.
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Appendix A
Solution for an edge dislocation in an inﬁnite plate of thickness 2h, (Kotousov and Wang, 2002a) where the
coeﬃcients in equations for Rr and R/ have been corrected.Nrrðr;/Þ
2h
¼  Ebx sin/
4pð1 m2Þr
4m2
jrð Þ2 þ ð1 m
2Þ  2m2K0ðjrÞ  4m2 K1ðjrÞjr
( )
ðA1Þ
N//ðr;/Þ
2h
¼ Ebx sin/
4pð1 m2Þr
4m2
jrð Þ2  ð1 m
2Þ  2m2K0ðjrÞ  4m2 K1ðjrÞjr  2m
2jrK1 jrð Þ
( )
ðA2Þ
Nr/ðr;/Þ
2h
¼ Ebx cos/
4pð1 m2Þr
4m2
jrð Þ2 þ ð1 m
2Þ  2m2K0ðjrÞ  4m2 K1ðjrÞjr
( )
ðA3Þ
Nzzðr;/Þ
2h
¼  mEbxj sin/
2pð1 m2Þ K1ðjrÞ ðA4Þ
Rrðr;/Þ
2h
¼ mEbxjh
2 sin/
12pð1þ mÞr K1ðjrÞ 
1
jr
þ K0ðjrÞjr
 
ðA5Þ
R/ðr;/Þ
2h
¼ mEbxjh
2 cos/
12p 1þ mð Þr
1
jr
 K1 jrð Þ
 
ðA6Þ
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4p 1 m2ð Þ
1
n
4m2
jnð Þ2 þ ð1 m
2Þ  2m2K0 jnj jð Þ  4m2 K1 jnj jð Þjnj j
( )
ðA7Þ
KyyðnÞ ¼  E
4p 1 m2ð Þ
1
n
4m2
jnð Þ2  ð1 m
2Þ  2m2K0 jnj jð Þ  4m2 K1 jnj jð Þjnj j  2m
2 jnj jK1 jnj jð Þ
( )
ðA8Þ
KzxðnÞ ¼  2mE
4p 1 m2ð Þ
1
jnð Þ2 
K1 jnj jð Þ
jnj j
( )
ðA9Þ
KxzðnÞ ¼ mj
2h2E
12pð1þ mÞ
1
jnð Þ2 
K1 jnj jð Þ
jnj j
( )
ðA10Þ
KzzðnÞ ¼
jh2E
12p 1þmð Þ
R1
1
ﬃﬃﬃﬃﬃﬃﬃ
t21
p
t e
tjndt
n o
nP 0
 jh2E
12p 1þmð Þ
R1
1
ﬃﬃﬃﬃﬃﬃﬃ
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p
t e
tjndtþ p
n o
n < 0
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